We collect experimental evidence for several propositions, including the following: (1) For each Riemann zero ρ (trivial or nontrivial) and each zeta fixed point ψ there is a nearly logarithmic spiral s ρ,ψ with center ψ containing ρ. (2) s ρ,ψ interpolates a subset B ρ,ψ of the backward zeta orbit of ρ comprising a set of zeros of all iterates of zeta. (3) If zeta is viewed as a function on sets, ζ(B ρ,ψ ) = B ρ,ψ ∪ {0}. (4) B ρ,ψ has nearly uniform angular distribution around the center of s ρ,ψ . We will make these statements precise.
introduction

Overview.
For complex w, let ζ
•− (w) denote the backward zeta orbit of w so that ζ •− (w) = {s ∈ C s.t. some iterate of zeta takes s to w}. If the sequence B = (a 0 , a 1 , a 2 , ...) satisfies a 0 = w and ζ(a n ) = a n−1 for all n ≥ 1, we say that B is a branch of ζ •− (w). If B converges with lim B = λ, say, we conjecture that B is unique and we write B as B w,λ . We collect numerical evidence supporting the following claims, which will be made precise below: (1) that for each of a countable set of non-real zeta fixed points ψ and each nontrivial Riemann zero ρ, B ρ,ψ exists, is unique, and is the center of a nearly logarithmic spiral, say s ρ,ψ , interpolating B ρ,ψ ; (2) that the members of B ρ,ψ are distributed nearly uniformly on s ρ,ψ ; (3) and that there is another set of real zeta fixed points ψ = ψ −2n near the trivial zeros −2n, −2n ≤ −20, such that consecutive members of B ρ,ψ−2n rotate around ψ −2n through an angle of ≈ π or 2π, depending upon the parity of n, so that the members of B ρ,ψ−2n lie on a curve that is very nearly a straight line passing through both ψ −2n and ρ.
We treat in detail relationships between zeta basins of attraction and the branches of ζ
• (ρ) that we have observed experimentally. The resulting plots are included here because they suggested the presence of the spirals which are the main subject of the article, and so-we speculate-they may eventually also suggest the ideas needed to analyze these spirals; for we have not proved any theorems.
Our experiments were done with Mathematica and spot-checked with Sage. Data files and Mathematica notebooks are posted on the ResearchGate site [2] .
Possible bearing on the Riemann hypothesis.
Here are several scenarios. (1) A clear understanding of the spirals s ρ,ψ with zeta fixed point centers ψ and passing through Riemann zeros ρ might lead to a sort of dictionary, so that the Riemann hypothesis might be put in a form that speaks of zeta fixed points instead of zeta zeros. (2) If (as we conjecture) the spirals s ρ,ψ are approximated by logarithmic spirals, it might be possible to confine the s ρ,ψ to lie within spiral-shaped "error bands" about logarithmic spirals. Because each zero ρ lies on each s ρ,ψ , each zero would lie in each one of a countable collection of these error bands in the complex plane (one for each zeta fixed point ψ); then the zeros would be confined to the intersection of these error bands, and this region might be small. Our very incomplete knowledge of the s ρ,ψ is founded on prior knowledge of the locations of the zeros, so that this scheme is tainted with circularity; but perhaps this taint might in some way be removed. (3) Under the conjectures stated in this article, measuring from the fixed points ψ, a zero ρ lies at the "first" intersection (in terms of arc length, say) of s ρ,ψ with the critical line; and so the Riemann hypothesis might be restated in terms of these intersections. Each ρ appears to lie on all of the s ρ,ψ , and so we might eventually obtain a countable family of conditions on these intersections, which could, possibly, be in some way usefully combined. Section 6.1.3 discusses some data that support Conjecture 4, which codifies a part of this scenario.
More definitions.
Let ζ denote the Riemann zeta function and let us write the iterates of a function f as f
•0 (z) = z and f •(n+1) (z) = f (f •n (z)) for n = 0, 1, .... An n-cycle for f is an n-tuple (c 0 , ..., c n−1 ) such that f (c n−1 ) = c 0 and f (c k ) = c k+1 when k = n − 1. The forward orbit of w under f is the sequence (w, f (w), f
•2 (w), ...). The backward orbit of w under f is the set of complex numbers s such that f •n (s) = w for some integer n ≥ 0. Let the symbol f •− (w) denote this backward orbit; if w does not belong to a cycle, f
•− (w) carries the structure of a rooted tree in which the root is w and the children of s ∈ f
•− (w) are the solutions t of f (t) = s. We will call any path in f
•− (w) that begins at w a branch of f
•− (w) (also: "a branch of the inverse of f ".) Such a branch, then, is a sequence (a 0 , a 1 , a 2 , ....) with a 0 = w and a n = f (a n+1 ) for each non-negative integer n. Since the Riemann hypothesis has been verified within the range of our observations, we write without ambiguity ρ k for the k th nontrivial Riemann zero ordered by height above the real axis and ρ −k for its complex conjugate. If ζ
•n (z) = 0 and ζ •n−1 (z) is a nontrivial Riemann zero, we call z a nontrivial zero of ζ •n . For typographical reasons, we will occasionally write ζ n for ζ •n ; within our article, there should no confusion with other common uses of this symbol.
For z ∈ C ∪ {∞}, A z := {u ∈ C s.t. lim n→∞ ζ
•n (u) = z} (the "basin of attraction" of z under zeta iteration.) Let φ ≈ −.295905 be the largest negative zeta fixed point. Then A φ is a fractal [12] ; each nontrivial Riemann zero appears to lie in an irregularly shaped bulb of A φ (Figures 1.1, 3 .2, and section 3 more generally.) For a spiral s with center γ, let α s be the point on the intersection of the critical line and s closest to γ. We define a real-valued function θ(z) on complex numbers z ∈ s, |z − γ| ≤ |α s − γ| by requiring that θ(z) ≡ arg(z − γ) (mod 2π), and that θ(z) increases continuously and monotonically as z moves around s from α in the direction of decreasing |z − γ|. In other words, θ(z) behaves up to a multiplicative constant like a winding number. If a sequence (a 1 , a 2 , ...) lies on a spiral s with center γ and for some pair of real numbers A > 0, B > 0 and all k = 1, 2, ..., |θ(a k ) − θ(a k+1 )| < Ae −Bk , we will say that the a k are distributed nearly uniformly around s.
For complex z, let r(z) := |z − γ|. Let m, b be real numbers, so that r(z) = exp(mθ(z) + b) describes a logarithmic spiral with center γ and typical element exp(mθ(z) + b) exp(iθ(z)). Suppressing the dependence on m and b, let
We say that s is c-nearly logarithmic for real positive c if max
for some m and b.
We require a notion of "very nearly a straight line." Suppose (1) a complex curve C of finite arc length has an initial point z I and terminates at a point z T , (2) that there are real numbers m and b such that
and (3) that the convergence has exponential decay as |z − z T | decreases from |z I − z T | to zero. Then we say that C is very nearly a straight line.
We need measures of the absolute and relative deviations of points a k in a branch B ρ,ψ of the backward orbit of a nontrivial Riemann zero ρ from a logarithmic spiral fitted to that branch using Mathematica's FindFit command. Suppose the a k are interpolated by a spiral s ρ,ψ centered at ψ such that for z ∈ s ρ,ψ , r(z) = |z − ψ| and θ(z) = arg(z − ψ). Further, suppose that s ρ,ψ has a log-linear modelr(z) = exp(mθ(z) + b) for real numbers m and b, in which we have fitted the points (θ(a k ), log r(a k )) to a straight line. Then we will write
(This is an abuse of our earlier notation for d rel (γ, z) which should not be confusing.)
fig. 1.1: A φ
Summary of observations.
We express some of our observations as explicit conjectures.
Conjecture 1 For each pair of positive integers L and n, there is a Riemann zeta L-cycle Λ such that the λ ∈ Λ with maximum imaginary part is close to the n th nontrivial zero ρ n (but we will not define this use of the term "close" more precisely in this draft) and with the following properties.
(1) Each λ ∈ Λ is a repelling fixed point of ζ
•L lying in the intersection of boundaries ∂A φ ∩ ∂A ∞ in the usual topology on C.
(2) For each λ ∈ Λ there is a complex number z λ and a natural number 0 ≤
For some small positive c, λ is the center of a c-nearly logarithmic spiral
•− (z λ ) (but we will not be more precise about this use of the term "small" in this draft.
The members of B z λ ,λ are distributed nearly uniformly on s z λ ,λ .
•− (ρ n ) then for some positive integer j and some positive integer L and some L-cycle Λ, ζ
•j (z) ∈ B ρn,Λ .
Conjecture 1 is essentially a description of patterns we observed reliably in numerous experiments; clause 2e, in particular, is plausible on its face in view of the spiral plots exhibited in Figures 5.2, 5.3, 5.4, 5.7, 5.9, and 6.1. Figure 5 .5 supports, in particular, our use in this clause of the term "nearly uniform" as we have defined it above.
Conjecture 2 (a) If L = 1, so that the unique element of Λ is close to ρ n , then we write Λ = {ψ n }, and we have that j ψn = 0 and z ψn = ρ n . In this situation, in clause (b) of Conjecture 1 we can take c < e −4 ; furthermore, if L = 1, then the infimum of the valid values of c goes to zero as n → ∞.
Some evidence for this conjecture appears in section 6.1.1.
When L = 1 we have restricted our claims in this conjecture to spirals s ρn,ψn because that is the case we have checked most thoroughly, but we have also checked less thoroughly the case in which the zero is fixed (usually, ρ 1 ) and ψ n varies over positive n. It appears to us that the conjecture generalizes to all
Because λ ∈ Λ would be repelling, it would also be an attracting fixed point of a local branch of the functional inverse of ζ •L , and then the convergence would follow from standard results, for example, Theorem 2.6 of [5] .
Conjecture 3 (1) There are repelling zeta fixed points ψ −2n near the trivial zeros −2n ≤ −20.
(2) For any nontrivial Riemann zero ρ, members of B ρ,ψ−2n lie on a curve which is very nearly a straight line segment. If n is even, the endpoints are ρ and ψ −2n ; otherwise, the curve passes through ψ −2n and terminates at ρ.
(See Figure 5 .7. Some evidence for this conjecture appears in section 6.1.2.) These observations are consistent, of course, with the proposition that B ρ,ψ−2n is interpolated by a spiral. Our computations of ζ(x) − x, x real, indicate that the ψ −2n are real (the graph crosses the x-axis near each trivial zero we examined.) It was conceivable that there might be a broader relationship of the same kind between the derivative of zeta at a given fixed point and the structure of the associated spirals centered at those fixed points elsewhere in the complex plane, but our experiments have not verified any such relationship. It is suggestive, of course, that these relationships are exact when zeta is considered as a function of real numbers and ψ −2n is replaced by −2n.
The following conjecture codifies in part the scenario of section 1.2
Conjecture 4 (1) The relative deviation d rel (ρ n , ψ n , 0) of the nontrivial Riemann zero ρ n from a logarithmic spiral fitted to the elements of B ρn,ψn = (a 0 , a 1 , ...) satisfies lim
In particular, if we write
then there exist two exponents 0 < e 1 < e 2 < 1 such that
We have provided some support for clause (1) in Figure 6 .5 of section 6.1.3, using e 1 = .8 and e 2 = .85; clause (2) is supported by the plot in the right panel of Figure 6 .7 in the same section.
We examined the possibility that branches of ζ •− (z), ζ(z) = 0 for arbitrary z on the critical line converge to the same fixed points as branches of ζ
•− (ρ), ρ a non-trivial zero. We tested various such z and found spiral branches converging to the fixed points of zeta. So it ought be possible to explain the spirals with a theory that avoids any appeal to special properties of the Riemann zeros. We are not going to describe these experiments in any further detail in this article.
An analogy from fluid mechanics led us to check for invariance of branches of ζ
•− (z) for these z under rotation about the fixed points at their centers. We found that the deviation from this sort of invariance is systematic and can itself be described by referring to (other) logarithmic spirals.
We made a brief survey of functions other than zeta to gauge the extent of the spiral phenomenon, which we will not describe in any further detail than the following. Functions as simple as cosine appear to exhibit this behavior. We also observed it in, for example, the Ramanujan L-function. We hope to carry out another survey with a different software package. [6] , King [7, 8] and Woon [12] .
Prior work.
methods
Quadrant plots.
We will be displaying colored plots (say, "quadrant plots") depicting, for a point w of C and a meromorphic function f , the quadrant of f (w). We use quadrant plots in three ways: (1) to determine small squares containing exactly one solution of an equation of interest, so that this information can be used by standard equation-solving routines to find a solution to several hundred digits of precision (which we find is necessary, for example, to locate zeta cycles) lying in a particular region; (2) to superimpose quadrant plots upon plots of the basin of attraction A φ . These two kinds of plot typically interlock in a way that helps us to understand the meaning of many small irregular features of A φ ; and (3) to show how the quadrant plots spiral as we reduce the size of the plot window about a fixed point of zeta or one of its iterates. Observation of these spiral motions was our first indication that forward orbits near fixed points do lie on spirals.
In quadrant plots, the boundaries of single-colored regions are f pre-images of the axes-curves corresponding to zero sets of (f (s)) and (f (s)); the apparent intersections signal the presence of zeros or poles of f . By adjusting the color scheme to distinguish between regions where |f | is large or small, we can try to distinguish zeros from poles. Some apparent intersections are revealed to be illusions by a change of scale. Similar but colorless methods for plotting zeros were put to use in [4] .
The visualized region is partitioned into small squares, each of which is represented by a pixel. We choose a test point s in each square. The pixel representing the square is colored according to the rules in Table 1 . In the table, the region D is a disk with center s = 0 and large radius r (chosen as may be convenient.) We denote the complement of D as −D.
Location of f (s)
Color of pixel depicting region containing s real and imaginary axes black The junction of four rich colors represents a zero, the junction of four pale colors represents a pole, and the boundary of two appropriately-colored regions is an f pre-image of an axis. An example is shown in Figure 2 .1:
(We have superimposed a pair of axes on this quadrant plot.)
2.2 High precision equation solving under geometric constraints.
We illustrate the application of quadrant plots to solve equations under geometric constraints by showing how we found the three-cycle Λ described in section 5.4. In Figure 2 At this stage, if we used, for example, the Mathematica command FindRoot constrained to search within this square, it might land on any one of the several four-color junctions we see in the central panel. So we change the center of the plot again, this time to ρ 1 + 3.46 + .103i, and we make a square plot centered there with side length .02. This is shown in the right panel of Figure 2 .2. Next we use a slow, "handmade" routine to approximate λ 1 by searching within this square. Then, using this approximation as the beginning value for a search with FindRoot, we obtain a solution with 500 digits of precision: Our main reason for requiring so much precision is that we will be repeatedly solving equations of the form ζ(u) = v for u, in each case replacing v with the previous u, to construct lists of (usually) 100 elements of a branch of the backward orbit of a nontrivial Riemann zero, looking for the u's near pre-selected fixed points. As the procedure repeats 100 times, there is an accumulation of numerical error, and in this situation very high precision is needed to maintain enough accuracy to "see" the spirals formed by these branches in our plots.
a tour of A sub phi
We are interested in A φ because plots of this set make visible the underlying structure of the network of ζ •n pre-images of the critical line for all n at once: (1) the nontrivial zeros of the ζ
•n lie in bulbs of A φ on filaments F decorating the border of A φ , and (2) one ζ
•n F pre-image of the critical line transects each such F . (Claims 1 and 2 are not, of course logically equivalent; we are summarizing computer observations that we will describe in more detail below.) Thus the structure of union of rooted trees visible in plots of A φ is apparently graphisomorphic to a corresponding structure for the point set
This observation informs our discussion of the trees T in the next section. We pretend that we have stated a rigorous definition of the decoration notion and definite conditions for the membership of a given complex number in a given filament. In view of the relationship between U and A φ , this should not cause problems: each filament F may be identified with one (of the many) ζ
•n F preimages of the critical line, the definition of which could be made precise. But we should say explicitly that "A decorates B" is a transitive relation and that the filaments are subsets of A φ .
In Figure 3 .1, for example, the points at the junctions of four colors represent zeros of ζ •n lie on the filaments. Because zero is an element of A φ , we know that the whole backward orbit ζ
•− (0) lies in A φ . Because the pre-images of nontrivial Riemann zeros under iterates of zeta lie on the filaments, the itinerary of a point in the backward orbit of a nontrivial zero ρ visits several filaments at the edge of A φ before coming to ρ. (Some but not all pre-images of the trivial zeros also lie on filaments.)
The set A φ seems to comprise (1) a heart-shaped, seven-lobed central body, which we will call the main cardioid.
(2) two major filaments of bulbs of various irregular shapes that emanate from the main cardioid, transected by the critical line and containing one nontrivial Riemann zero in each bulb (right panel of Figure 3 .2.) (3) infinitely many blunt processes and long filaments decorating the main cardioid and each of the irregular bulbs. The filaments comprise smaller copies of the bulbs, which, in turn, are decorated with similar filaments, ad infinitum. (Figure 3 .1.) Thus, when we plot them, the set of filaments decorating A φ exhibit a visible tree structure.
The visible features described in (1) - (3) were evident in Woon's plots of C −A ∞ [12] . The filaments appear to be zeta-iterate pre-images (close copies) of the two major filaments. Pre-images of the real axis pass through the blunt processes and contain pre-images of the trivial zeros. For example, the right panel of Figure 3 .1, superimposes a quadrant plot of ζ •2 on the left panel, so that junctions of four differently-colored regions each represent a zero of ζ •2 . There are three long filaments depicted in this image containing zeros, the immediate zeta images of which are nontrivial Riemann zeros; but between the lower two such filaments is a blunt process transected by a zeta pre-image of the real axis, and we can see another series of ζ •2 -zeros lying along this curve. These are zeta pre-images of the negative even numbers.
(4) at each trivial zero < −18, a microscopic, more or less distorted copy (zeta-iterate pre-image) of the entire assemblage described in (1) -(3). (By "microscopic" features we mean features so small that they can only be visualized by a change of scale from that of Figure 3 .3.) In Figure 3 .4, we show copies of the main cardioid near the trivial zeros −28, −26, −24, −22 superimposed on quadrant plots of ζ •2 in the same squares. The size of these features decays exponentially with distance from zero. Their left-right orientation alternates. We speculate that the alternation can be derived from the alternating sign of the real derivative
Because these copies exist on the left half of the real axis, its zeta pre-images also contain complete copies of A φ . The upper left panel of Figure 3 .5 depicts the first bulb in the major filament in the upper half plane. It is a 10 by 10 square centered at ρ 1 . Along its border we see an apparently infinite set of filaments alternating with an apparently infinite set of blunt processes. Our tests demonstrate that the filaments are transected by ζ
•n pre-images of the critical line for (n = 1, 2, 3, ...), and that the blunt processes are transected similarly by 
•k−1 pre-images of the critical line, even though that is the simplest possibility. But it seems to be the case. In Figure 3 .6, the ζ
•k−1 pre-images of the critical line transecting degree k filaments decorating the main cardioid are shown for k = 1, 2, 3 and 4.
branches interpolated by spirals
For any integer L > 0 there appears to be an infinite set of zeta cycles Λ = (λ 0 , ..., λ L−1 ) that pick out a linearly ordered subset B ρ,Λ = (a 0 , a 1 , a 2 , ...) of ζ •− (ρ) such that (1) a 0 = ρ, (2) a n = ζ(a n+1 ), n = 0, 1, 2, .... and (3) for each j = 0, 1, 2, ..., L − 1, the subsequences b j = (a j , a j+L , a j+2L , ...) appear to converge to λ j . The sequence b j is a branch of ζ
•− L (a j ). In most of the cases that we have examined, each b j appears to be interpolated by a spiral s ρ N , λj with center λ j = lim b j . The λ j are repelling fixed points of ζ L . Now we offer (speaking loosely) a geometric description of some of the b j in terms of the basin of attraction A φ . (It applies to most, but not all, instances we have examined to date.) A variety of filaments decorate A φ , but here we restrict attention to those that decorate the main cardioid. We assign the set of filaments a structure of union of rooted trees T as follows. A filament F ∈ T is the parent of a filament G ∈ T if and only if G decorates F and there is no intermediate filament H ∈ T such that G decorates H and H decorates F . The filaments containing nontrivial Riemann zeros have no ancestors, but they are not unique in this respect. Now fix integers L ≥ 1, N = 0. There is an infinite set of zeta L-cycles Λ = (λ 0 , λ 2 , ..., λ L−1 ) such that for each integer ∆ = 0, 1, 2, ..., L − 1, there is a tree T ∆ of filaments decorating the main cardioid of A φ , and a path P ∆ = (F 0 , F 1 , ...) in T ∆ with k Fm = ∆ + mL and such that (if m > 0) F m decorates the |N | th bulb of its parent F m−1 . As in the first column of Figure  4 .1, the filaments in P ∆ spiral around λ ∆ . In our graphic visualizations, the apparent size of F m decays exponentially with m. Something like this would seem to be a necessary condition of the relation λ j = lim b j we mentioned above.
Each bulb of F m contains a nontrivial zero w of ζ
•∆+mL and ζ L on one side and subgraphs of the trees T decorating the main cardioid of A φ on the other. We should mention that the situation for copies of the main cardioid such as the ones illustrated in Figures 3.4 and 3 .5 is different; except to say that the zeta images of copies are also copies, we will not discuss it further in the present article.
5 spirals interpolating a branch of the backward zeta orbit of a Riemann zero
Single spirals interpolating a branch.
When L = 1, Λ = {λ 1 } where λ 1 is a repelling zeta fixed point; there appear to be at least three categories of such points: ψ −2n (say) lying near the trivial zeros −2n = −20, −22, ...; zeta fixed points ψ ρ * near each nontrivial Riemann zero ρ * , and eight fixed points lying at the boundary of the main cardioid (right panel, Figure 3 .2.) How near? In the case of the ρ * , one can form an impression by keeping in mind that this figure depicts a 120 by 120 square (section 8.) The distances | − 2n − ψ −2n | are a great dealer smaller; we omit the details.
There are exactly two filaments F with degree k F = 1 decorating the main cardioid; one of them contains ρ N in its |N | th bulb = β N , say. Our observations are consistent with the following proposition. The point ψ ρ N lies at the border of the |N | th bulb of a filament F * with k F * = 2 decorating β N . This ramifies: if ψ ρ N lies at the border of the |N | th bulb of a filament F * then there is a child filament F of F * such that ψ ρ N lies at the border of the |N | th bulb of F and
This is illustrated by the left column of Figure 5 Figure 4 .1 we are seeing zeros of these functions (again nontrivial.) They also appear (in virtue of the shapes of the underlying A φ -bulbs) to be ζ •3 , ζ •4 , ζ •5 pre-images of nontrivial Riemann zeros. The rapid reduction of scale from one row to the next attests to a similar reduction of the distances of these pre-images from ψ ρ1 (which, as we have remarked, is not surprising.) The possibility that they may be traveling on spirals emerges from a look at the angles that the filaments F 3 and (say) F 4 , F 5 , F 6 make with the horizontal. These observations led us to do the numerical tests described in the last section.
We made a survey of the spirals s ρ,ψ ρ * for various choices of ρ and ρ * . We made a table of ψ ρn , 1 ≤ n ≤ 100 with 500 digits of precision and we used a table of nontrivial Riemann zeros with 300 digits of precision made by Andrew Odlyzko [10] . We made tables of the z k in various B ρ,ψ ρ * to high precision, proceeding inductively. We set z 1 = ρ and, given a value of z k , after using Mathematica's FindRoot command to solve ζ(s) = z k in the vicinity of ψ ρ * , we set z k+1 equal to the solution. We began with 300 z k for each B and used tests of reliability of each z k to truncate the list; typically, we ended up with a least 100 consecutive z k .
We use polar coordinates (r(z), θ(z)) to denote a typical point z on s ρ,ψ ρ * such that (1) r(z) = |z − ψ ρ * |, (2) θ(z) is chosen so that θ(z) ≡ arg(z − ψ ρ * ) (mod 2π), and (3) θ(z) varies continuously and monotonically as z moves around the spiral in a fixed direction. In other words, θ(z) behaves up to a mutiplicative constant like a winding number. Then r(z) appears to decay exponentially with θ(z). (Of course we are only able to check this for z ∈ B ρ,ψ ρ * , that is, for the z k we propose are interpolated by s ρ,ψ ρ * , because no other test for membership in s ρ,ψ ρ * is available to us.) Therefore it was not practical to plot the spirals s ρ,ψ ρ * without re-scaling, so we plotted the points (log r(z), θ(z)) instead. This procedure everts the apparent spirals: if k, j are such that r(z k ) < 1 and r(z j ) < 1, then r(z j ) < r(z k ) implies that the plotted point (log r(z j ), θ(z j )) is further from the center of the re-scaled interpolating spiral than the point (log r(z k ), θ(z k )): the reverse of the situation before re-scaling. (The direction of winding of the spiral is also reversed because the logarithms take negative values.) The points near the center of the re-scaled spiral depict z k for smaller values of k for which z k is closer to ρ and further from ρ * . They are crowded so closely, in spite of our re-scaling, that the interpolating curve near ρ is obscured. (right column) on the border of the main cardioid; we omit the 500 digit decimal expansions, which are easy to compute using Mathematica's FindRoot command. Figure 5 .3 depicts branches of backward orbits of ρ n spiraling around ψ ρ n (1 ≤ n ≤ 10). (We omit their precise expansions for the same reason.)
An example.
The first panel of Figure 5 .4 plots the point set B ρ1,ψρ 1 (re-scaled as described, and shifted to place the apparent spiral's center at the origin.) It offers the appearance that the z k (in red) form arms something like those of a spiral galaxy; this seems to be a result of nearly regular growth of θ(z k ) with k. But z k for consecutive k do not lie in adjacent positions on these arms; in the second panel, the z k are connected by chords in the same order as they appear in the sequence B ρ1,ψρ 1 The absolute value of c is so small that this is quite close to being the equation of a logarithmic spiral. In the section on error terms below we will compare directly the loci of the z k with logarithmic spirals.
In Figure 5 .5, we study the variation in θ(z k ). The left panel plots δ k = θ(z k+1 ) − θ(z k ) against k and shows that the θ(z k ) are very nearly periodic in k. The right panel, which plots log |δ k+1 − δ k | against k, shows that the de-
parture from periodicity in θ(z k ) actually appears to decay exponentially with k. However for other choices of ρ and ρ * this no longer holds, and so it is an open question whether or not it would hold even in this example for very large k, that is, very close to the center of the spiral. We remark that the z k could, of course, be distributed along a nearly-logarithmic spiral while also being distributed in a completely irregular or at least non-periodic way in the theta aspect, so the two questions are at least superficially independent. Now suppose (r 1 , θ 1 ) and (r 2 , θ 2 ) lie on a true logarithmic spiral log r = a + bθ. The constants a, b are determined by any two points of the spiral, hence, if two pairs of points determine different values of a and b, then the curve that the three (or four) points comprising the pairs lie on is not a logarithmic spiral. We used this idea to test B ρ1,ψρ 1 = {z 1 , z 2 , z 3 , ...} for the property of being interpolated by a logarithmic spiral. We performed the test by solving for a and b using the pairs (z 1 , z k ), k = 2, 3, .... In Figure 5 .6 we have plotted the resulting fig. 5 .6: parameters a, b for logarithmic curve log r = a + bθ induced by successive points of B ρ1,ρ1 . left: a vs. b; center: b vs. k; right: a vs. k values of a against b, b against k, and a against k. Evidently a is roughly linear in b, and both a and b appear to converge as k grows without bound. Thus the interpolating curve is not a logarithmic spiral, for then a and b would be constants. But the convergence of a and b suggests that the interpolating spiral s ρ1,ψρ 1 resembles a logarithmic spiral more and more closely as it winds inward towards ψ ρ1 .
Backward orbits near the trivial zeros.
There appear to be real zeta fixed points ψ −2n near each trivial zero −2n ≤ −20.
Whether they lie slightly to the right or to the left of −2n along the real axis appears to depend upon the parity of n. This reflects the alternating left-right orientations of copies (zeta pre-images) of the basin of attraction A φ we see in Figure 3 .4.
A branch B ρ,ψ −2n of the backward orbit of each nontrivial Riemann zero ρ lies on a curve appearing to pass through or terminate at ψ −2n : if −2n ≡ 0 (mod 4), then the curve appears to terminate at ψ −2n . These curves closely resemble straight line segments. Error terms are discussed in section 6. If −2n ≡ 2 (mod 4), then (supposing, for the moment, that the curve really is a line segment) ψ −2n lies near its midpoint. In Figure 5 .7, several of the backward orbits are depicted, re-scaled logarithmically as above.
This observation is consistent with the hypothesis that B ρ,ψ−2n is interpolated by a spiral such that the a k ∈ B ρ,ψ−2n satisfy | arg(
. We discuss this further in sections 5.5 and 6.2.
fig. 5.7: column 1: backward orbits of ρ 1 near ψ −2n , 10 ≤ n ≤ 13 column 2: backward orbits of ρ n−9 near ψ −2n , 10 ≤ n ≤ 13
5.4 Several spirals that together interpolate a branch. Figure 5 .8 depicts members of zeta n-cycles (zeros of s → ζ •n (s) − s) near the bulb of A φ containing ρ 1 for 2 ≤ n ≤ 5. As n increases the pattern of distribution of these zeros becomes more and more obscure. The situation near ρ 1 appears to be typical of that near all nontrivial zeros of zeta iterates. 
) for the sake of legibility; and (2) the spirals are everted: they have been re-scaled logarithmically, so that points closer to the center appear, in the figure, to be farther from the center. The row 2, column 2 panel shows vertices representing elements of B ρ 1 ,Λ and edges between vertex pairs (v, ζ(v)), while the other panels depict the spirals separately; these are portraits of b j (j = 1, 2, 3). In these three figures, each vertex pair (v, ζ
•3 (v)) is connected by an edge.
Angular distribution of branches along the spirals.
A structural invariant, which seems to determine the number of arms visible in our plots of branches of f •− (z), is the function δ f,z,ψ : k → arg(a k − ψ) − arg(a k+1 − ψ), where the a k 's are members of a particular branch of f
•− (z) converging to ψ.
The values of δ k in the case discussed in section 5.2 correspond in the present notation to those of δ ζ, ρ1, ψ1 (k). They appear to change very slowly with k, and this behavior seems to be what gives rise to the appearance of discrete arms in plots of branches of ζ
•− (ρ n ).
Among the zeta fixed points very near trivial zeros, the only values of δ ζ,ρn,ψ −2n−18 (k) that we see ( Figure 5 .7) are ≈ π and ≈ 2π, distributed, as we have noted above, according to the mod 4 residue classes of the zeros.
Because δ ζ,ρn,ψρ n (k) apparently converges rapidly as k → ∞ (as in Figure 5 .5 where n = 1), we take the value of δ ζ,ρn,ψρ n (100) as a proxy for lim k→∞ δ ζ,ρn,ψρ n (k). Then our calculations are consistent with the proposition fig. 5 .10:
that lim k→∞ δ ζ,ρn,ψρ n ≈ π/2 ( Figure 5 .10.) Very small differences in this limit as n varies appear to determine very different shapes for the discrete arms visible in our plots.
We have observed in all of our experiments that the visible structure of a branch of f •− (z) depends upon the fixed point at its center and not on z, so δ f,z,ψ should depend only upon f and ψ. Contrary to the impression suggested by our notation, it should be independent of z, but we cannot exclude the possibility that there are counterexamples to this idea.
Logarithmic models of spirals interpolating branches
of the backward orbit of zeta.
The branches B ρ,ψ = (a 0 = ρ, a 1 , a 2 , ...) of ζ •− (ρ) for nontrivial Riemann zeros ρ converging to zeta fixed points ψ are interpolated by curves that resemble logarithmic spirals. We carried out experiments in which we looked for approximations of these interpolating curves by such spirals. We chose branches of the argument function, varying with k and evaluated at a k − ψ, such that an angle θ k was assigned to a k − ψ which was the least such angle > c + max j<k θ j for c = 0 or 1. The angle θ 0 was the value of arg(a 0 − ψ) from the branch of argument chosen automatically by Mathematica. The choice of c was dictated by requiring that θ k act like a winding number about ψ evaluated at the points a k . For ψ near a trivial zero, c = 1 was chosen; for ψ near a nontrivial zero, c = 0.
For r k = |a k − ψ| plots of the sets of pairs (θ k , log r k ), k ≥ 0, appear to lie on curves resembling straight lines. For spirals centered at zeta fixed points ψ ρn near the ρ n , we approximated these lines using Mathematica's FindFit command. log-linear models r = exp(m n θ + b n ) of spirals interpolating branches of ρ n centered at ψ ρn with r = |z − ψ ρn | and θ = arg(z − ψ ρn ) |z − ψ ρn | = exp(m n θ + b n ) fitted to branches of ζ •− (ρ n ), 1 ≤ n ≤ 600. In particular, we write r k = exp(m n θ k + b n ) for our estimate of r k . These seem to be first-order approximations to genuine interpolating curves; the error-term will be discussed in the next section.
Investigating spirals centered at the zeta fixed points ψ −2n that lie near the trivial zeros was carried out in a different way. We were able to collect a substantial amount of data (meaning for the first 200 members of the branches) for the ψ ρn , n ≤ 600 using 500-digit precision. On the other hand, even with 1000-digit precision, we were able to collect data only on the first twenty elements of branches centered at the ψ −2n for n ≤ 30 before the use of the FindFit command to get a linear model for the pairs (θ k , log r k ) produced error messages from Mathematica.
Fortunately, the branches spiraling about the ψ −2n appear to be better behaved than the ones spiraling about the ψ ρn . For each pair (n, n * ) the branch B ρn,ψ −2n * is apparently interpolated both by a curve very nearly a logarithmic spiral and by another curve which is very nearly a straight line passing through the points ρ n and ψ −2n * . As we will see in the next section, the fit of the branches to the straight line passing through these two points is so good that we use it as our second model, together with the assumption that the θ k = aπk + (a constant depending only on n and n * ), with a = 1 or 2 depending as we have explained only on the parity of n * . It was feasible to find linear models for the maps k → log r k . Combining the assumptions about the θ k with the linear models we construct for the log r k gives logarithmic models for the interpolating spirals. We test these models in the next section.
We chose to examine the behavior of branches B ρn,ψ−2n−18 of ζ •− (ρ n ) because, among zeta fixed points close to the trivial zeros −2n, the greatest one (the one that lies rightmost along the real axis) is very close to −20. corresponding to Figure 5 .11 for the zeta fixed points ψ −2n−18 . Here we have B ρn,ψ−2n−18 = (a 0 = ρ n , a 1 , a 2 , ...). Writing r k = |ψ −2n−18 − a k |, we took m n and b n to be, respectively, the means of the slopes and intercepts of the chords connecting consecutive pairs p k = (k, log |a k − ψ −2n−18 |). Thus our model for r k = |a k − ψ −2n−18 | is r k = exp(m n k + b n ). We discuss it further this in the following section.
error terms
We will take the phrase "error term" to encompass complex-valued deviations from a given estimate as well as their absolute values. Like the original estimates, the curves followed by complex-valued deviations appear to have the form of logarithmic spirals. This raises the prospect of an infinite regress, which might perhaps lead to an exact expression for the best interpolating curves, but we have postponed any investigation of this idea.
6.1 Deviation of backward orbit branches from logarithmic spirals.
6.1.1 Branches converging to fixed points near non-trivial zeros.
(This subsection provides some of our evidence for Conjecture 1.) For nontrivial Riemann zeros ρ n and the corresponding zeta fixed points ψ n , we plotted the relative complex-valued deviations d rel(ρn,ψn,a k ) . The runs depicted in Figure 6 .1 portray both kinds of plots for ρ = ρ n , ψ = ψ ρn for n = 1, 28, and 48. It seems noteworthy that the two kinds of plots resemble each other so closely, but inspection demonstrates that they are not identical.
The values of log d rel(ρn,ψn,a k ) for n = 1, 28, and 48 are also plotted in Figure 6 .1 (column 3.) The magnitude of the d rel(ρn,ψn,a k ) appears to decay exponentially for k < roughly 130; for larger k, however, the magnitude of the deviations appears to grow exponentially without exceeding e −6 for k ≤ 200. We think that the shape of this curve, which is typical, is an artificial effect of the FindFit command on a file of 200 pieces of data: the fit is best near the center of the data file.
For a fixed point ψ = ψ ρn near a nontrivial zero ρ = ρ n , we used the initial 200 elements of each branch B ρ,ψ as a proxy for B ρ,ψ to study the relative deviations of the curve interpolating it from a logarithmic spiral. Taking β = 200 for the moment, let us set max n,β := max 1≤k≤β d rel(ρn,ψn,a k ) , max * n,β := n/ log n × max n,β , let mean n,β denote the mean of the d rel(ρn,ψn,a k ) , k = 1, 2, ..., β and let mean * n,β := n/ log n × mean n,β .
(We exclude k = 0 in these definitions; thus the values of these four num- These plots are consistent with the proposition that, for β = 200, mean n,β and max n,β both = O log n n with both implied constants < 1. More optimistically, perhaps, the plots are consistent with the hypothesis that mean n,β and max n,β both = o log n n .
We tested the same idea after replacing log n n with powers log n n for 1 2 < < 1. It seems possible that the supremum of for which these statements might be true lies in the half-open interval [.8, .9). It also seems possible that this supremum is a decreasing function of n. We omit the relevant plots.
Branches converging to fixed points near the trivial zeros.
(This subsection provides some of our evidence for Conjecture 2.) Let the branch B ρn,ψ−2n−18 of ζ •− (ρ n ) = (a 0 = ρ n , a 1 , a 2 , ....). Before we test a logarithmic model for the decay of r k = |a k − ψ −2n−18 |, we want to assess how well B ρn,ψ−2n−18 fits the straight line passing through ρ n and ψ −2n−18 . We measured the vertical deviation of the a k ∈ B ρn,ψ−2n−18 from the straight line passing through both ρ n and ψ −2n−18 as a fraction of the heights of the a k . We make the following definitions:
M n and B n are the slope and intercept respectively of the straight line passing through ρ n and ψ −2n−18 and
The left panel of Figure 6 .3 is a plot of log mean . Evidently, the a k lie near the specified lines, and agreement with the lines improves rapidly as n increases.
Next we define for a k ∈ B ρn,ψ−2n−18 fig. 6 .3: log mean trivial n,β (left) and log max trivial n,β (right); β = 20, 1 ≤ n ≤ 32 r n,k = |a k − ψ −2n−18 |, for k > 1, m n,k = the slope of the chord connecting the ordered pairs (k, log r n,k ) and (k, log r n,k−1 ) in R 2 ,
and we define a y-intercept function b n,β analogously. The error functions are defined as follows:
The left panel of Figure 6 .4 is a plot of log mean The right panel is a corresponding of log max model n,β . Once more the fit is good and improves rapidly as n increases.
6.1.3 Deviation of the Riemann zeros from fitted logarithmic spirals.
The plots in Figure 6 .5 display numerical information that support Conjecture 4 and the scenario described in section 6.1.3. They indicate the possibility that as n → ∞, the nontrivial Riemann zeros ρ n become more well fitted to the logarithmic spirals we have in turn fitted to the branches B ρn,ψn . The left panel is a plot of log d rel (ρ n , ψ n , 0) against n, 1 ≤ n ≤ 600; The right panel plots D rel (N ), the log of the running mean of the d rel (ρ n , ψ n , 0), as defined in Conjecture 4, 1 ≤ N ≤ 600. Figure 6 .6 shows the corresponding plots for d rel (ρ n , ψ n+1 , 0).
The next two plots treat absolute deviations d abs , which
.8 , red curve :−(log N )
.85
suggest the narrowing of the widths of the "error bands" mentioned in the speculations we ventured in the Introduction. Figures 6.7 corresponds to the plots of relative deviations in Figure 6 .5. Figure 6 .8 displays information on absolute deviations for fixed points ψ −2n nearest to the trivial zeros −2n, with spirals terminating at ρ n (left panel) and ρ n+1 (right panel).
right, log d abs (ρ n+1 , ψ −2n−18 , 0), 1 ≤ n ≤ 600; both green curves: −n 1.35 , both red curves : −n 1.4
Deviation from rotational invariance.
It did not seem plausible to us that something special about Riemann zeros ρ should force the branches ζ •− (z), z = ρ in particular, to be attracted to repelling fixed points ψ along logarithmic spirals. As we remarked in the introduction, dynamical systems theory leads one to expect that the ψ should attract all of the nearby branches ζ
•− (z) whether or not ζ(z) = 0, and (one speculated) probably along roughly similar curves. Logarithmic spirals appear in fluid mechanics (see, e.g., [9] , v.2, pp. 186-188 or [11] , p. 358.) By analogy with the streamlines of a vortex in a fluid, we speculated that the existence of spiral curves connecting zeros of zeta to repelling zeta fixed points might be a consequence of a scenario in which there is an infinite family of such spirals related by rotations around the fixed point. By this we mean a family of spirals s parameterized by real numbers x, varying continuously with x in a sense made explicit by condition (1) below, such that if s x and s x+θ are two such spirals with common center a zeta fixed point ψ, then In this scenario, the spiral curves would be congruent in the sense of Euclidean geometry and exactly one spiral would intersect the critical line at each ρ n without appealing to special properties of the zeros. We have verified the existence of spiral branches B z of ζ •− (z) for various z on the critical line other than Riemann zeros without meeting a counterexample. Like the spirals we have already described, they are approximately logarithmic; we omit the relevant plots.
Condition (1) imposes rotational invariance on the s x . This suggests the possibility that the branches of ζ
•− interpolated by them enjoy the same property. Suppose u and ζ(u) lie on s x with center ψ and let R θ,ψ (z) := e iθ (z − ψ) + ψ be the function that takes z to its image under rotation by an angle θ around ψ. Under perfect rotational invariance, not only of the spirals s x but of the branches of ζ
•− (z) for particular z that they interpolate, the numbers R θ,ψ (ζ(u)) − ζ(R θ,ψ (u)) must vanish. Therefore we studied the R θ,ψ (ζ(u)) − ζ(R θ,ψ (u)). We restricted ourselves to u ∈ ζ •− (z) for various z, not only because these are the main objects of interest, but because our only reliable information about the spirals comes from their interpolation of the branches B ψ = (a 0 , a 1 , a 2 , ...) of ζ
•− (z), and so our only useful candidates for points in s are the members of such branches.
Logarithmically scaled plots (which we omit) of the discrepancies (say) R θ,ψ (ζ(a n )) − ζ(R θ,ψ (a n )) indicate that these numbers decay in modulus expo-nentially and rotate around the origin in a nearly linear fashion with n. In other words, they themselves describe curves that are approximated by logarithmic spirals. In Figure 5 .2, column 1 depicts branches of ζ
•− (ρ n ), 1 ≤ n ≤ 5, centered at a zeta fixed point ≈ −14.613 + 3.108i; column 2 depicts branches of ζ
•− (ρ n ), 1 ≤ n ≤ 5, centered at a zeta fixed point ≈ −5.279 + 8.803i.
Figure 5.3
In Figure 5 .3 (referring to the caption), the value of n in row a, column b is n = 2a + b − 2.
7.13 Figure 5 .8 
